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Examination of the backscattering of ultrasonic waves has been 
suggested as a possible technique for the non-destructive evaluation of 
materials because it involves a simple measurement requiring access to a 
single surface only and because the conversion of normally incident, 
longitudinal waves to shear waves is minimal at a scattering angle of 
180". While the measurement is simple to carry out, the return signal may 
be quite complicated, especially for polycrystalline or composite 
materials. These materials possess local inhomogeneities of differing 
sizes,orientation and elastic properties from which a plane wave may 
scatter, often more than once, and then the scattered waves from one or 
more sources may interfere among themselves. These difficulties are often 
compounded by coupling among the several modes of propagation associated 
with inhomogeneity and lead to a dispersion of the incident wave. Thus 
the backscattered signal represents the complex, three-dimensional, phase 
sensetive scattering from a material that mat not be well characterized. 
While there has been substantial effort and much progress in developing 
techniques for the reconstruction of characteristics of the medium from 
the scattering of an acoustic wave an accurate prediction of the 
scattering from inhomogeneous and anisotropic medium, such as a composite 
material, remains a difficult problem. Generally speaking, our lack of a 
detailed knowledge of the structure of the medium over distances large 
enough to support a significant dispersal of the wave makes the 
development of a reliable model of the medium a formidible task . 
In this paper, we introduce a simple method for calculating the 
reflection of an ultrasonic signal from the bulk of a material. A major 
advantage of this method is that it treats quantities which average over 
the many and varied structural features which would be difficult to 
measure directly. It takes into account the general non-linear character 
of the propagation of an acoustic wave through an inhomogeneous medium. 
The basic idea behind the method is to account carefully for the steady 
state acoustic flux established within the material. By treating the 
steady state flux we can include the effects of multiple scattering 
expected in inhomogeneous materials. Using a simple but general 
one-dimensional embedding argument we derive two coupled functional 
equations for the reflection and transmission coefficients and a 
non-linear identity (an optical theorem) relating them. This derivation 
109 
requires only one significant assumption about the scattering and 
attenuation processes occuring within the material, namely that they 
occur uniformly. When the equations are derived and solved only two 
parameters emerge. One parameter scales the thickness of the material and 
can be identified as the complex wave number. The other parameter relates 
the reflection from an infinitesimal slab to its transmission and so it 
describes properties of local scattering centers. Every process leading 
to scattering or attenuation of the acoustic signal contributes to the 
value of this parameter. This scattering parameter could be calculated 
explicitely if a specific model for the source of the scattering is 
assumed and we illustrate how this may be done. The method developed 
here introduces a response function which could be used as the basis for 
a fast algorithm for the analysis of a backscattered signal. 
BOUNDARY AND BULK EFFECTS 
In treating the interaction of an acoustic signal with a medium of 
finite extent it is necessary to distinguish those effects which occur at 
the boundary of the medium from those occuring within its bulk. 
Reflection and transmission of an acoustic signal at a boundary arise 
from the discontinuity in the acoustic impedance from one region to 
another. It is well known that acoustic plane waves incident normally 
upon an interface from a region of impedance z 1 to a region of impedance 
z2 will (in the absence of dissipation) transmit a fraction of their 
intensity given by [1] 
(1) 
and reflect a fraction given by 
(2) 
The acoustic impedance of a medium is given by the product of the 
equilibrium density and the speed of sound (z c) . If the medium is 
dispersive then z will depend upon frequency. 
In the remainder of this section we will consider effects occuring 
within the bulk and develope a method to describe the reflection and 
transmission of an acoustic plane wave incident normally on a slab of 
material of finite thickness a . Only the interaction of the signal 
with the the bulk material will be considered here; the reflection and 
transmission from the boundary are given by Equations (1) and (2) . In a 
subsequent section we will combine the results for bulk effects with 
those for surface effects to derive a general expression for acoustic 
response. While the model we consider is inherently one-dimensional we 
shall show how the effects of three dimensional scattering processes can 
be included. We need not specify the nature of the interaction between 
the signal and the medium at this point except to require that it be the 
same in the forward direction as in the backward direction (isotropy) and 
that the processes responsible for the transmission of the signal depend 
only on the thickness of the slab and not upon position in the slab 
(uniformity) . The assumption of isotropy can be removed without 
significantly altering the results. For convenience we orient the slab 
with its parallel faces perpendicular to the x-axis as shown in Figure 
1 (a). 
When an acoustic flux F 0 is incident upon a uniform slab of 
thickness a , a fraction of the incident flux T(a) is transmitted 
through the slab, a fraction R(a) is reflected from the slab and a 
fraction R(a) is attenuated within the slab due to the interaction 
between the flux and the material of the slab. Because of the assumption 
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of uniformity the functions T(a), R(a) and A(a) depend only the 
thickness a and consequently these three functions describe the 
transport processes through the slab completely. We can establish a set 
of conditions that will allow the unique determination of each function. 
The first of these conditions (conservation of flux) requires that the 
incident flux must divide itself in some way among the three 
possibilities, transmission, reflection and attenuation. Thus we have 
the equation 
T(a) + R(a) + A(a) = 1 . 
It is clear from this equation that these three functions are not 
independent and finding R(x) and T(x) will determine A(x). 
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Figure l(a). Representation of 
the reflected and transmitted flux 
Figure l(b). Representation of 
the flux coupling two contiguous 
regions 
The second condition to be imposed upon the transmission and 
reflection coefficients also follows from the assumed uniformity. Two 
contiguous slabs of width a and b respectively must exhibit he same 
reflection and transmission functions as a single slab of width a + b. 
In Figure l(b) we represent these two contiguous slabs; they appear 
separated in the figure to allow a representation of the flux between 
them. It is clear from the figure that the magnitudes of the various 
flux vectors are related according to the following equations 
T(a) Fo + R(a) F' 1 
R(a) Fo + T(a) F' 1 
R(b) F1 
T(b) F1 
These equations can be solved directly to yield the expression 
(F 2 I Fo) T (a) T (b) I (1 - R(a) R(b) ) , 
(4) 
(5) 
(6) 
(7) 
however since (F 2 I Fo) = T(a+b) we obtain the functional equation for 
T (x), 
T(a+b) = T(a) T(b) I ( 1- R(a) R(b) ) . (9) 
In a similar way we derive a functional equation for R(x), 
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R(a +b) = R(a) + R(b) T(a) 2 /( 1- R(a) R(b) ) . 
Notice that the right hand side of this equation is not obviously 
symmetric under the exchange of a and b as the left hand side is. 
Imposing this symmetry condition leads to the following identity 
T(x) 2 1 - 2 p R(x) + R(x) 2 
where p is a parameter independent of x. As we shall show, this 
parameter characterizes the processes involved in transporting the 
acoustic signal through the medium. Using the identity (10) we can 
simplify the functional equation for R(x) to obtain the obviously 
symmetric form, 
(10) 
R(a +b) = {R(a) + R(b) - 2 p R(a) R(b) }/( 1- R(a) R(b) ) (11) 
The reflection and transmission functions are thus determined by the two 
coupled equations (9) and (10); these equations have been discussed in 
detail and a solution obtained in Ref. [2]. It is sufficient for the 
present discussion to make the following observations. First consider 
Eq. (9) specifying the transmisssion coefficient; it contains the 
reflection function as a factor in the denominator. If we assume that 
there is no reflection from the bulk ( R(x) = 0 ) then the denominator 
factor becomes unity and Eq. (9) becomes that for the exponential 
function, T(x) = T0e ;Kx , where K is the complex wave number. The wave 
number appears in the solution to the recursion relation for T(x) , even 
though it does not appear in the relation itself, as a scale factor to 
establish a measure for distance in the propagation direction. Now when 
reflection is taken into account the exponential transmisssion behavior 
is renormalized by the multiple reflections occuring in the bulk through 
the denominator in Eq. (9) . In a similar way, Eq. (11) describes the 
cumulative effects of multiple scattering on the reflecton function. 
Next we oberve that, under the assumptions described previously, the 
reflection and transmission properties of the bulk are determined by two 
quantities, the complex wave number K and the scattering parameter p 
Consequently the physical characteristics of bulk propagation are 
contained in these two complex quantities; the wave number describes the 
dispersion and attenuation of the wave while the scattering parameter p 
carries information about the local scattering centers responsible for 
the contribution to backscattering fron the bulk. The connection between 
the parameter p and scattering processes can be seen as follows. By 
differentiating the identity (10) and evaluating it at zero thickness we 
find that p can be expressed as 
p - T' (0) I R' (0). (12) 
Now let f( k,Q) give the probability that a plane acoustic wave will be 
scattered into solid angle n, then the quantities 
p+ = J cos (0) f( k,Q) dQ 
n+ 
p J cos (0) f ( k,Q) dQ 
n_ 
represent the probabilities for forward and backward scattering 
respectively. The cos(0) appears as a Lambertian factor to project the 
flux in the assumed direction of transport only. In this way the 
contribution of waves scattered out of the incident direction is taken 
into account. A simple arguement calculating the forward and 
backscattered signals leads to the relations 
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R' (0) = n L P_ and T' (0) = n L ( P+ -1) (13) 
where n is the number of scattering centers per unit volume and L is the 
effective cross-section of a center. Combining equations (12) and (13) 
we can express the scattering parameter p in terms of the forward and 
backward scattering probabilities, 
p = ( 1- p+ ll p (14) 
The general solution to the the equations for R(x) and T(x) , from [2), 
are: 
T(x) =sinh( W) I sinh( qx + W 
(15) 
R(x) = sinh( qx I sinh( qx + w 
where q and W depend upon the wave vector K k - i , and p through 
- i k ) I p and W = ln {p + ( P2- 1) 112 }. 
Equations (15) give the reflection and transmission from the bulk of a 
material off thickness x in terms K and p . 
COMBINED BULK AND SURFACE EFECTS 
The results of the previous section give the fraction of an 
acoustic plane wave transmitted and backscattered from the bulk of a 
medium. Here we combine these results with the transmission and 
reflection from the surface to obtain a general expression for the 
acoustic response of a medium to a normally incident plane wave. 
Consider a slab of medium 2 separating medium 1 on its left from medium 3 
on its right . We represent each medium, the interface between them and 
the steady state flux of plane acoustic waves connecting each of these 
elements in Figure 2. The boundary and the bulk are separated from one 
another in the diagram to allow representation of the signals between 
them. Two plane waves are incident on medium 2, one from the left F0 and 
one from the right F'o ; two plane waves emerge from the medium 2, one 
passes into medium 3, FT and one into medium 1, FR. The other four 
arrows represent the signals coupling the surface and the bulk. Each 
medium is characterized by an acoustic impedance zi from which the 
reflection and transmission coefficients (Rij and Tij) associated with 
each interface can be determined by Eqs. (1) and (2). Reflection and 
transmission from the bulk (R and T) are given by Eqs. (14). The eight 
signals are connected by the following six linear equations: 
FR = R12 Fo + T12 B 
Fl T12 Fo + R21 B 
F'l R A+ T D 
F2 T A + R D 
F' 2 R23 + T 32 F'o 
FT R32 + T23 C 
After some algebra the unobservable signals coupling the surface to the 
bulk (A,B,C,D) can be eliminated to give the output signals ( FT , FR ) 
as a linear function of the input signals (Fo , F'ol as follows: 
(16) 
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Figure 2. Schematic diagram of the flux coupling the surfaces and the 
bulk of a sample. 
Elements of the generalized scattering matrix are given by, 
(T23 T 12) /D 
Rl2 + Tl2 T21 (R + R23(T2- R2))/D 
(17) 
(18) 
where D = (1 - R R12 ) (1 - R R23 J - T2 R21 R23 , 
and where the expression for T31 and R31 can be obtained from the 
equations above by the exchange of the indices 1 and 3. Equation (18) 
gives the steady state response of a slab of finite width to acoustic 
signals incident upon it from both s i des . This response depends upon the 
the impedence of the slab and its exterior, upon the complex wave number 
of the slab, and upon the scattering pa r ameter p whic h itself depends 
upon the local scattering centers . 
If we set F'o= 0 so that a signal is incident from the left only 
and set R' (0) = 0 so that there is no reflection from the bulk then we 
obtain the expression f or the reflection coefficient derived by Scott 
abnd Gordon [3] for these conditions . 
We have developed a new method f o r treating the s ignal backscattered 
from a sample of finite width; the method includes the e f fects of 
multiple scattering from within the bulk of the materia l as well as the 
signals reflected repeat edly from its two surfaces . The backscattering 
is described in terms of two complex functions which characterize the 
mechanical properties of t he material and its surroundings . These 
functions may in the general case be f unct i ons of the frequency of t he 
incident acoustic s ignal. Experiments to test this technique and to 
expl o re its use as a possible method fo r t he non-destructive e valuat i on 
of compos i te materials are underway. 
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